1. Introduction. In this paper we compare two important types of triply infinite families of plane curves, dynamical families and curvature families. Both types are projectively invariant, so that our subject belongs to the projective differential geometry of systems of curves.
A family of dynamical trajectories consists of the °o 3 possible paths of a particle moving in a general field of force, initial position and velocity being arbitrary. If <£(#, y) and \ [/(x, y) are the components of force, the equations of motion are (10 x = $(%, y), y = }p(x, y).
The differential equation of the trajectoriesf is found by eliminating the time from (1') :
(1) (+ -y'4>)y'" = {*, + ty y -<t> x )y' -*"/*}/' -3*/'*.
To define curvature trajectories we start with an arbitrary doubly infinite family of curves, that is, a general differential equation of second order :
(2') y" =F(x,y,y') .
A curvature trajectory of this family is a curve which is drawn so as to have at each point c times the curvature of the member of the family to which it is tangent at that point, c remaining constant along the trajectory. For a given value of c there will be a set of oo 2 trajectories, (one in each direction through each point). By varying c we obtain oo l such sets. Hence a given doubly infinite family (2') generates a triply infinite family of curvature trajectories.
The oo 2 trajectories that can be drawn for a fixed value of the curvature ratio c satisfy the equation y" = cF (x, y, y') , (since curvature at a given direction element is proportional to y"). If we differentiate this and eliminate the parameter c, we have the differential equation of all the curvature trajectories of (20: (2) Fy" f = (F x + F y y')y" + F y >y"K Thus a two-parameter family of curves gives rise by a geometrical construction to co 3 curvature trajectories, just as for instance a one-parameter family gives rise to oo 2 isogonal trajectories.* As a simple example, the original family (2') might be the oo 2 unit circles. Then it is easy to see from the definition that their curvature trajectories would be all the oo 3 circles of the plane.
We have discussed the projective character of dynamical families in the references. The concept of curvature families involves also a projective concept. This is an immediate consequence of Mehmke's theorem, which states that if two curves are tangent at a point, the ratio of curvatures is a projective invariant. In fact this theorem implies that the entire process of construction of curvature trajectories has projective meaning. Now we observe that (1) and (2) are both of the general form For the curvature families this means that (2') takes one of the special forms (12i) or (12 2 ) below.
* The special case of orthogonal trajectories has an analog in curvaturereversing trajectories (curvature ratio c= -1, or F"= -y"). In either case the square of the operation of taking trajectories is the identity, so the relation is involutorial.
t We assume that the field in (1') is not null, and that F in (2') is not identically zero ; these degenerate cases give merely the oo 2 straight lines and so correspond to each other.
The result amounts to a new geometrical characterization of the trajectories of central fields. They are those families of dynamical trajectories whose <*> 3 curves can be analyzed into a series of sets, each set containing QO 2 curves, in such a way that one of the sets will generate the others by the simple process of multiplication of curvatures described above.
We observe that this analysis of the trajectories of a central field also has physical meaning. It can be shown to be identical with the grouping based on the value of the area-sweeping constant, (or on the constant of angular momentum).
2. Geometric Properties of Dynamical Families. For the proof, we employ the following sets of geometric properties, which characterize dynamical families among all triply infinite families of curves (see references).
I. If to each of the oo 1 curves having a given lineal element in common the osculating parabola is drawn at that element, the foci will lie on a circle through the point of the element.
II. There exists for each point (x, y) of the plane a certain direction co (that of the force) such that the angle between this direction and the tangent to the focal circle corresponding to any element (x, y, y') at the given point is bisected by that element.
III. The locus of the centers of the 00 1 circles corresponding to the lineal elements at a given point is a conic with that point as a focus.
IV. In each direction through a given point 0 there passes one trajectory which has contact of third order with its circle of curvature. The locus of the centers of the 001 hyperosculating circles, obtained by varying the initial direction, is a conic passing through the given point in the direction of the force. (But III and IV are equivalent.) V. Of the curves which pass through a given point in the direction of the force at that point, there is one which has contact of the third order with its circle of curvature ; the radius of curvature of this curve is three times the radius of curvature of the line of force (that is, integral curve of the direction assigned to each point by II) passing through the given point.
VI. When the point 0 is moved, the associated conic described in property IV changes in the following manner. Take any two fixed perpendicular directions for the x direction and the y direction ; through 0 draw lines in these directions meeting the conic again at A and B, respectively. Also construct the normal at O meeting the conic again at N. At A draw a line in the y direction meeting this normal in some point A ', and at B draw a line in the x direction meeting the normal in some point B'. The variation property referred to takes the form
where A A ' and BB f denote distances between points, and where co denotes the slope of the lines of force relative to the chosen x direction. This is true for any pair of orthogonal directions, and therefore really expresses an intrinsic property of the system of curves. (See the diagram in references.)
We use the analytic forms of these properties, which are as follows.
PROPERTY I. The equation of the family has the form (3), y'" = Gy"+Hy"*.
PROPERTY II. H=3/[y' -oe(x, y)].
PROPERTY III, IV. Equation (3) is further specialized to We impose these conditions successively on the class of all curvature families, defined by (2), thus arriving at each step at a more special subclass for which the properties imposed up to that point could be given as defining theorems. Moreover, the classification is projective, for the properties I-VI are separately projective.
PROPERTY I. All curvature families have this property, since (2) is an equation of type (3). PROPERTY II. F y >/F = 3/(y'-co).
Integrating, we find
The f or ce direction co(x, y) and the factor u(x, y) are arbitrary.
PROPERTY III, IV. Substituting (8) into (2), we get an equation which already has the form (5) with
Hence curvature families with an F as in (8) have properties I, II, III, IV. PROPERTY V. Condition (6) reduces to
This means that the lines of force y'=oi(x, y) must be a oneparameter family of straight lines. PROPERTY VI. Condition (7) becomes (11) («,/«)" = 0.
From (11) and (10), a% = 0, so that o) is linear in y. We deduce finally that either oe=y/x (if we translate the axes) or oe = k (const.). Hence if curvature trajectories are also dynamical trajectories, the generating family (2') must be either
If we calculate (2) for these special F's and compare it with (1), we find in the first case that \f//cl>=y/x (proving that the field is central) and <j> = u/x 2 . The equation of the generating family (2 r ) may be rewritten more symmetrically (12i) y" = (*/ -y)h(x, y), with v arbitrary. The components of the corresponding field are <j)=xv and \p = yv. In the second case, \f//(j> = k, so that the field is parallel (center at infinity), and <j> -u. If we take the field horizontal, the equation of the generating family (2') becomes (12,) y" = y'h{x, y), with v arbitrary. The components of the field are <f> =v and \p = 0.
We have thus proved the following theorem. gous to the present one we compared dynamical trajectories and sectional families.* A sectional family is defined by taking all the oo 3 plane sections of an arbitrary surface and projecting them from some fixed center on to a fixed plane. We found that cones (of any cross-section) were the only surfaces that produced dynamical families. The corresponding fields of force were again central (or parallel), but of a special kind, the force following an inverse square law along any line of force (the constant being allowed to vary for different lines). The Newtonian field was included as a special solution, the cone then being a right circular cone.
We are now able to conclude that these same families (sectional families derived from conical surfaces) are distinguished by being the largest class which are of dynamical, sectional, and curvature types all at once.
Comparison of Sectional and Curvature Types.
Finally, we might compare the sectional and curvature types with each other. We already know that they have in common the families projected from general cones. To these we can add the family of all circles mentioned above as an example of curvature trajectories, for stereographic projection of the sphere gives the same circles. But with the sphere we have at once all proper quadrics, provided the center of projection is taken on the surface; this follows from the projective character of the work. We can remove the restriction as to the center of projection by another example: orthogonal projection of the plane sections of a sphere gives a family of oo 3 ellipses all contained in a circle ; oo 2 of these are tangent to the circle at one end of their minor axes ; these oo 2 have the whole family for their curvature trajectories. Thus the sectional families from quadrics and general cones are also curvature trajectories. It can be shown that this is the full answer, f 5. Overlapping of the Three Types. We thus have complete knowledge of the possible overlapping of the dynamical, sectional, * E. Kasner, Dynamical trajectories and the ooand curvature types of triply infinite families of curves. The re
